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Abstract Analysis of the static bending, free vibration and dynamic response of functionally graded
piezoelectric plates has been carried out by the finite element method under loadings. The FGPM
(Functionally Graded Piezoelectric Material) plate is assumed to be graded through the thickness and
simple power law distribution, in terms of the volume fractions of the constituents used for formulation.
The electric potential is assumed linear through the thickness of the plate. The governing equations are
obtained, using potential energy and Hamilton’s principle, based on the First order Shear Deformation
Theory (FSDT), which can include thermo-piezoelectric effects. The finite element model is derived based
on the constitutive equation of the piezoelectric material, accounting for coupling between the elasticity
and electric effect, by four node elements. The present finite element is modeled with displacement
components and electric potential as nodal degrees of freedom. Results are presented for two constituent
FGPM plates under different mechanical boundary conditions. Numerical results for a PZT-4/PZT-5H plate
are given in both dimensionless tabular and graphical forms. Effects ofmaterial composition and boundary
conditions on static bending, free vibration and dynamic response are also studied. The numerical results
obtained by the present model are in good agreement with the solutions reported in the literature.
© 2011 Sharif University of Technology. Production and hosting by Elsevier B.V.
Open access under CC BY-NC-ND license.1. Introduction
Because of their coupled mechanical and electrical prop-
erties, piezoelectric materials have found much application
as sensors and actuators for the purpose of monitoring and
controlling the response of structures [1,2]. Piezoelectric
actuators and sensors have novel applications for micro-
electromechanical systems (MEMS) and smart material sys-
tems, especially in the medical and aerospace industries [3].
Recently, the use of Functionally Graded Materials (FGM) has
gained intensive attention, especially in extreme high stress
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Open access under CC BY-NC-ND license.environments and in deducing high stresses. FGMs are inhomo-
geneous materials, the material properties of which vary con-
tinuously in one or more directions. This is achieved usually by
gradually changing the composition of the constituent materi-
als through the thickness, to obtain smooth variations of ma-
terial properties and optimum responses to externally applied
mechanical loading. Another type of FGM called functionally
graded piezoelectric material (FGPM) has received even more
attention in recent years. Smart structures or elements made
of these materials are usually superior to the conventional sen-
sors and actuators, which are often made of uni-morph, bi-
morph andmulti-morphmaterials. For a piezoelectric laminate
with homogeneous material properties in layers, large bending
displacements, high stress concentrations, creep at high tem-
perature and failure from interfacial debonding, are usually pre-
sented at layer interfaces undermechanical or electric loadings.
To decrease these defects, piezoelectric materials and struc-
tures with functionally graded material properties in the layer-
thickness direction have been presented and fabricated [4]. The
relationship between the material compositional gradient and
the electromechanical responses of FGPM structures is very im-
portant in the design of FGPMdevices.Without any doubt, func-
tionally graded sensors and actuators will have a significant
function in the field of micro-structural engineering.
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Peff effective material property
Pu upper surface property
Pl lower surface property
Vu volume fraction of the functionally gradient
piezoelectric material
n power law index
h thickness of the plate
σij stress tensor
Cijkl elasticity tensor
εkl strain tensor
elij piezoelectric constant matrix
El electrical field vector
Di electrical displacement vector
ηil dielectric permittivity coefficient matrix
u, v, w displacements along x, y, z axes
u0, v0, w0 displacements along x, y, z axes
β1, β2 bending rotations along the x, y directions
H potential energy in lamina
Ud dissipative function
{u} displacement vector
Cs damping matrix
aR, bR Rayleigh’s coefficients for mass and stiffness
matrix
fb, fc, fs body, point and surface forces applied in ele-
ments
t0, t1 arbitrary time values
ρ density of the plate
q electrical surface charge
ψi linear interpolation function
[Muu] mass matrix
[Cs] damping matrix
[Kuu] stiffness matrix
[Kuϕ] piezoelectric matrix
[kϕu] permittivity matrix
{Fm}, {Fq} mechanical and electrical load vector in a local
co-ordinate system
ϕ electrical potential
ω natural frequency
ρ0, E0 density and Young’s modulus of the metal
Several research works have also been undertaken to ana-
lyze the behavior of functionally graded piezoelectricmaterials,
in recent years. Studies on static anddynamic responses of func-
tionally graded piezoelectric structures, such as beams, plates
and shells, have been dealt with in the literature. For example,
Hauke et al. [5] reported experimental results and gave a linear
regression formula to calculate the tip deflection of an FGPM
cantilever actuator with a linearly variable piezoelectric coef-
ficient. The exact solution of a compositionally graded piezo-
electric layer under uniform stretch, bending and twisting has
been presented by the Lim and He [6]. Taya et al. [7] also used
the laminated beam model to examine the cylindrical bend-
ing of an FGPM bimorph actuator. Both the stress and out-of-
plane displacement fields were obtained by using a two stage
hierarchical method. Zhong and Shang [8] presented an exact
three-dimensional analysis of a functionally graded piezoelec-
tric rectangular plate, by means of a state space approach un-
der mechanical and electric loading on the upper and lower
surfaces of the plate. Assuming that the mechanical and elec-
tric properties of the material have the same exponent-lawdependence on the thickness coordinate, Shi and Chen [9] ob-
tained closed-form solutions for FGPM cantilevers with a linear
gradient in mass density and piezoelectric constant, using the
two-dimensional theory of elasticity and the Airy stress func-
tion. Actuators consisting of a metallic layer covered symmet-
rically by two transversely isotropic piezoelectric layers poled
along the thickness direction are analyzed using exact solu-
tions by Lim and He in 2005 [10]. Piotr [11] presents results
of an exact three-dimensional analysis of the natural frequen-
cies and mode shapes of a rectangular piezoelectric plate poled
along the direction perpendicular to the middle plane of the
plate. Lu et al. [12] presented an exact solution of a simply
supported functionally graded piezoelectric plate/laminate un-
der cylindrical bending. Lim and Lau [13] investigated the elec-
tro–mechanical behavior of a thick, laminated actuator with
piezoelectric and isotropic lamina under externally applied
electric loading, using a new two-dimensional computational
model. The elastic core is modeled by the Timoshenko thick-
beam theory. Lu et al. [14] proposed the exact solutions of
a simply supported functionally graded piezoelectric plate by
Stroh formulation. An approximate solution for the free vi-
bration problem of two-dimensional magneto–electro–elastic
laminates is presented by Ramirez et al. [15], to determine
the fundamental behavior of such plates. The laminates are
composed of linear homogeneous elastic, piezoelectric or mag-
netite layers. Bhangale and Ganesan [16] presented the static
analysis of functionally graded, anisotropic and linear mag-
neto–electro–elastic plates that have been carried out by the
semi-analytical finite element method. A series solution is as-
sumed in the plane of the plate and the finite element procedure
is adopted across the thickness of the plate in such a way that
the three-dimensional character of the solution is preserved.
The functionally graded material is assumed to be exponential
in the thickness direction. Qiu et al. [17] analyzed piezoelec-
tric ceramic patches used as sensors and actuators to suppress
the vibration of a smart flexible clamped plate. They obtained
modal equations and piezoelectric control equations of a can-
tilever plate and used an optimal placement method for the
locations of piezoelectric actuators and sensors. The analytical
results for modal frequencies, transient responses and control
responses are carried out in this paper. Yang and Xiang [18]
developed the thermo–electro–mechanical characteristics, in-
cluding the static bending, free vibration and dynamic response
of different types of FGPM monomorph, bimorph and mul-
timorph actuators. In this study, the Timoshenko beam the-
ory is used to account for the influence of transverse shear
deformation, and numerical results are obtained by using the
differential quadrature method. Xiang and Shi [19] analyzed
a functionally graded piezoelectric sandwich cantilever under
electric and thermal loads. They used the Airy stress function to
study the influence of the electromechanical coupling (EMC),
functionally graded index, temperature change and thickness
ratio on the bending behavior of actuators or sensors. Behjat
et al. [20] presented a comprehensive study on the static, dy-
namic and free vibration response of FGPM panels, using the
finite elementmethod, under different sets ofmechanical, ther-
mal and electrical loadings.
The present paper investigates the static bending, free vi-
bration and dynamic response of functionally graded piezoelec-
tric plates undermechanical and electrical loads. The First order
Shear Deformation Theory (FSDT) has been used and the analy-
sis is based on the finite element method, using four node ele-
ments. In addition, the main aim of the study is to evaluate the
influence of functional grading on themechanical and electrical
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in both tabular and graphical forms to give an insight into the
influences of material composition and type of loading on the
static and dynamic analysis of an FGPM plate, as an example.
2. Functionally graded piezoelectric plates
An orthogonal coordinate system, x, y, z, is chosen, such that
x and y are lines of the in-plane of the neutral surface and z
defines the normal axis. The plate is of thickness h and lengths
a and b in each direction, respectively. The effective properties
of the FGPM profile in the thickness direction of the plate, made
of two kinds of piezoelectric material, can be expressed as [21]:
Peff(z) = PuVu(z)+ Pl(1− Vu(z)), (1)
where Peff is the effective material property of the FGPM plate,
Pu is the upper surface property of the FGPM plate, Pl is the
lower surface property of the FGPM plate, and Vu is the volume
fraction of the functionally gradient piezoelectric material,
which can be written as:
Vu =

0.5+ z
h
n
, (2)
where n is the power law index (0 ≤ n ≤ 1000) for n = 0,
Pe = Pu and for n = ∞, Pe = Pl. Thus, the material properties
can be expressed as:
P(z) = Pul

0.5+ z
h
n + Pl,
where:
Pul = Pu − Pl. (3)
3. Theoretical formulations
3.1. Constitutive relations
The linear constitutive relations describing the electrical
and mechanical interaction of piezoelectric materials can be
expressed as [22]:
σij = Cijklεkl − elijEl, (4)
Di = eiklεkl + ηilEl. (5)
Here, σij and εkl are the stress and strain tensors, respectively,Di
is the electrical displacement vector, El = −ϕ,l is the electrical
field vector, ϕ is the electrical potential, Cijkl is the elasticity
matrix, eikl is the piezoelectric constant matrix and ηil is the
dielectric permittivity coefficient matrix. Thematerial property
gradient is assumed to be in the thickness direction.
3.2. Displacements and strains
The FSDT displacement field of an arbitrary point in the
plate, based on the first order shear deformation theory, can be
expressed as [21]:
u(x, y, z, t) = u0(x, y, t)+ zβ1(x, y, t), (6a)
v(x, y, z, t) = v0(x, y, t)+ zβ2(x, y, t), (6b)
w(x, y, z, t) = w0(x, y, t), (6c)
where the variables, u, v and w, denote displacements along
the x, y, z axes, respectively. The symbols, u0, v0 and w0,
represent the displacements of the neutral surface, and β1 and
β2 denote the bending rotations. The strains associatedwith the
displacement field in Eq. (6) are given by:ε11 = ∂u0
∂x
+ z ∂β1
∂x
, (7a)
ε22 = ∂v0
∂y
+ z ∂β2
∂y
, (7b)
ε12 = ∂u0
∂y
+ ∂v0
∂x
+ z

∂β1
∂y
+ ∂β2
∂x

, (7c)
ε13 = ∂w
∂x
+ β1, (7d)
ε23 = ∂w
∂y
+ β2. (7e)
The relationship between the electric potential in the coordi-
nate system are defined as [23]:
E1 = −∂ϕ
∂x
, (8a)
E2 = −∂ϕ
∂y
, (8b)
E3 = −∂ϕ
∂z
. (8c)
3.3. Variational formulation
The potential energy, H , stored in a lamina, comprises the
various components strain energy, piezoelectric energy and
electrical energy, and is given by Liew et al. [21]:
H(ε, E) = 1
2
{ε}T [c]{ε} − {ε}T [e]T {E} − 1
2
{E}T [η]. (9)
If damping is considered, one can use the dissipative function:
Ud(u˙) = 12 {u˙}
T [Cs] {u˙} . (10)
Here, the damping matrix, Cs, is defined as:
[Cs] = aR [Muu]+ bR [Kuu] , (11)
where aR and bR are Rayleigh coefficients [21], and have values
of aR = −.336 and bR = 0.104.
Applying Hamilton’s principle [24], the variational form of
the equations of motion for the plate can be written as:
δ
∫ t1
t0
∫
v
[
1
2
{u˙}[ρ]{u˙} − Ud(u˙)− H(εij, Ej)
]
dvdt
+
∫ t1
t0
∫
v
δ{u}T {fb}dvdt +
∫ t1
t0
δ{u}T {fc}dvdt
+
∫ t1
t0
∫
s
(δ{u}T {fs} + δ{ϕ}T {q})dsdt = 0, (12)
that can be written as:
δ
∫ t1
t0
∫
v

−1
2
δ{u}T [ρ]{u¨} − δ{ε}T {σ } − δ{u}T [Cs]{u˙}
+ δ{E}T {D}
∫ t1
t0
∫
v
δ{u}T {fb}dvdt
+
∫ t1
t0
δ{u}T {fc}dvdt +
∫ t1
t0
∫
s
(δ{u}T {fs}
+ δ{ϕ}T {q})dsdt = 0. (13)
Here, t0 and t1 denote two arbitrary time values, δ is the
variational operator, v and s denote the volume and surface
of the solid, respectively, ρ is the density of the plate, qis
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body forces, concentrated load and specified surface traction,
respectively.
3.4. Finite element model
The displacements and electric potential at the element level
can be defined in terms of nodal variables, as follows:
u0(x, y) =
4−
i=1
u0iψi(x, y), (14a)
v0(x, y) =
4−
i=1
v0iψi(x, y), (14b)
w0(x, y) =
4−
i=1
w0iψi(x, y), (14c)
β1(x, y) =
4−
i=1
β1iψi(x, y), (14d)
β2(x, y) =
4−
i=1
β2iψi(x, y), (14e)
ϕ(x, y, z) =
4−
i=1
ϕi(z)ψi(x, y) (14f)
where {uei } = {u0i, v0i, w0i, β1i, β2i}T for i = 1, 2, 3, 4 and ϕe =
{ϕ1, ϕ2, ϕ3, ϕ4}T are generalized nodal displacements and
nodal electric potentials in a local coordinate system, respec-
tively, andψi is the linear interpolation function defined as [25]:
ψi = 14 (1+ ζ ζi)(1+ ςςi), i = 1, 2, 3, 4,
where:
ζ = x
a
, ς = y
b
. (15)
The infinitesimal engineering strains associated with the
displacements are given by:
{ε} = [Bu]{ue}, (16)
where [Bu] =
[Bu1] [Bu2] [Bu3] [Bu4], [Bui] = [Cui] +
z[Dui] for i = 1, 2, 3 and 4, and:
Cui =

∂ψi
∂x
0 0 0 0
0
∂ψi
∂y
0 0 0
∂ψi
∂y
∂ψi
∂x
0 0 0
0 0
∂ψi
∂x
ψi 0
0 0
∂ψi
∂y
ψi 0

, (17)
Dui =

0 0 0
∂ψi
∂x
0
0 0 0 0
∂ψi
∂y
0 0 0
∂ψi
∂y
∂ψi
∂x
0 0 0 0 0
0 0 0 0 0

. (18)
The electric field vector {E} can be expressed in terms of nodal
variables as:{E} = −[Bϕ]{ϕe}, (19)
where:
Bϕ =

∂ψ1
∂x
∂ψ2
∂x
∂ψ3
∂x
∂ψ4
∂x
∂ψ1
∂y
∂ψ2
∂y
∂ψ3
∂y
∂ψ4
∂y
∂
∂z
∂
∂z
∂
∂z
∂
∂z
 . (20)
Substituting Eqs. (4), (16) and (19) into Eq. (12) and assembling
the element equations yields:
[Muu]{u¨} + [Cs]{u˙} + [Kuu]{u} + [Kuϕ]{ϕ} = {Fm}, (21)
[Kϕu]{u} − [Kϕϕ]{ϕ} = {Fq}, (22)
where [Muu], [Cs], [Kuu], [Kuϕ] and [Kϕϕ] are the mass, damping,
stiffness, piezoelectric and permittivity matrices, respectively,
and {Fm} and {Fq} are the mechanical and electrical in a local
co-ordinate system, respectively. Here, it should be noted
that material properties are position-dependent. Substituting
Eq. (22) into Eq. (21), we obtain:
[Muu]{u¨} + [Cs]{u˙} + ([Kuu] + [Kuϕ][Kϕϕ]−1[Kϕu]){u}
= {Fm} + ([Kuϕ][Kϕϕ]−1){Fq}, (23)
and the damping matrix (Cs) can be determined from Eq. (11).
For the static analysis problems, {u¨} = 0, the governing equa-
tions of motion in Eq. (23) reduce to:[Kuu] + [Kuϕ][Kϕϕ]−1[Kϕu] {u}
= {Fm} +
[Kuϕ][Kϕϕ]−1 {Fq}. (24)
For the dynamic frequency analysis problems, since force vec-
tors are zero, the governing equations of motion in Eq. (23) re-
duce to:
[Muu]{u¨} +
[Kuu] + [Kuϕ][Kϕϕ]−1[Kϕu] {u} = 0, (25)
and the corresponding Eigen-value problem is:[Kuu] + [Kuϕ][Kϕϕ]−1[Kϕu]− ω2[Muu] = 0, (26)
whereΩ is the natural frequency.
4. Numerical results and discussion
Before discussing the numerical results, it is appropriate
to mention the numerical process used in FE simulation.
The simulation process consists of three steps: preprocessing,
solution and post processing. First, by meshing the plate, the
numbering of nodes and elements is carried out and then the
nodal and element matrices are obtained. Calculation of the
stiffnessmatrix is the next step that proceeds by the assembling
of such matrices in the global stiffness matrix. During this
process, the nodal and element matrices are used. Finally,
by applying the boundary condition on stiffness and force
matrices, the final set of equations for the solution is obtained.
These equations are solved using numerical methods. The post
processing of results and obtaining the proper graphs and tables
is the last step of the simulation process. Also, as mentioned
above, rectangular elements are used in this paper. Themeshing
and numbering of nodes and elements are carried out based on
the fact that the bandwidth of the stiffnessmatrix isminimized.
Application of the proposed plate element to the static and
dynamic responses of a FGPM plate, under different sets of
mechanical and electrical loadings, is nowdiscussed. In order to
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Property PZT-4 PZT-5H
c11 (Gpa) 74.1 55
e31 (C/m2) −5.2 −6.5
η33 (C/mV) 1.15× 10−8 3.009× 10−8
p3(C/m2K) 2.5× 10−5 5.84× 10−6
ρ (kg/m3) 7500 7500
Figure 1: Positive coordinate system of FGPM plate.
verify the accuracy and effectiveness of finite element models,
based on the theory presented above, the numerical results
obtained by the present model are compared with available
solutions reported in the literature. An FGPMplate is considered
as an example for static and dynamic analysis. The plate under
current consideration is simply supported or clamped at four
edges. The Functionally Graded Piezoelectric Material (FGPM)
is composed of PZT-4 and PZT-5H and its properties are graded
in the thickness direction, according to the volume fraction
power-law distribution described in Eq. (3). The bottom surface
of the FGPMplate is PZT-5H-rich, whereas the top surface of the
plate is PZT-4-rich. The material properties of PZT-4 and PZT-
5H are given in Table 1 [20]. The thickness of the FGPM plate is
h = 4mm. The geometry of the plate is described in coordinates
(x, y, z), as shown in Figure 1. The dimensions of the plate are
defined by the same length and width of a = b = 200 mm. It is
worth noting that 256 (16× 16) elements were used to model
the plate and the 2 × 2 Gauss Quadrature rule was employed
for integrations of [Muu], [Kuu], [Kup] and [Kϕϕ].
4.1. Comparison studies
For the problem under consideration, to the knowledge of
the authors there are not any available results of FGPM plates
in the literature. To ensure the efficiency and accuracy of the
presentmethodology, two illustrative exampleswere solved for
the static and free vibration analysis of FGM plates.
Example 1. We first examine the static response of a simply
supported FGM square plate. The plate is subjected to uniform
load and consists of alumina and aluminum. The top surface
of the plate is ceramic rich, whereas the bottom surface is
metal-rich. Young’s modulus for aluminum is 70 GPa, while for
alumina, it is 380 GPa. Note that the Poisson ratio is selected
constant for both, and equal to 0.3. In Table 2, the effect ofTable 3: Properties of materials used in Example 2.
Material ρ

kg
m3

ν E (Pas)
Si3N4 2370 0.28 348.43× 109
SUS304 8166 0.28 201.04× 109
Table 4: Comparison of first dimensionless natural frequencies of
FGM plate by Huang and Shen [27].
Matrial ω¯ (This work) ω¯ (Huang) Error (%)
Si3N4 12.521 12.495 0.20808
n = 0.5 8.654 8.675 0.242075
n = 1 7.595 7.555 0.52945
n = 2 6.822 6.777 0.66401
SUS304 5.415 5.405 0.18501
the volume fraction exponent on the dimensionless stresses
(defined as σ¯x = haqσx( a2 , b2 , h2 )) of such a plate is given and
comparedwith those of Zenkour [26]. The solution in this paper
is based on the generalized shear deformation plate theory. The
plate dimensions are such that a/h = 10. From these results,
it can be observed that the present analysis results are in good
agreement with the results of Zenkour [26].
Example 2. In this example, the first dimensionless natural
frequencies of a simply supported FGM plate are presented
and compared with results obtained by Huang and Shen [27],
for different volume fraction index, n. The material properties
used in this example are presented in Table 3. In this paper,
theoretical formulations are based on the First order Shear
Deformation Theory (FSDT) by Huang and Shen [27]. An
analytical approach is employed to determine the natural
frequencies. In this example, silicon nitride and stainless steel
are chosen to be the constituent materials of the FGM plate,
referred to as Si3N4/SUS304. The top surface of the plate is
ceramic-rich, whereas the bottom surface is metal-rich. The
natural frequencies are given in dimensionless form, ω¯ =
ω( a
2
h )

ρ0(1−ν2)
E0
, whereω is the natural frequency, E0 is Young’s
modulus of metal, υ is the Poisson ratio and ρ0 is the mass
density of metal, in Table 4.
4.2. Static analysis
4.2.1. Mechanical loading
The FGPM plate is initially subjected to a uniformly dis-
tributed load, q = 10 KNm−2. The influence of the constituent
volume fractions is studied by varying the mixing ratio of
the PZT-4 and PZT-5H. This is carried out by varying the value of
the power law exponent, n. Figure 2 shows the deflections along
the dimensionless length of the plate. It can be observed that
deflections of the FGPM plate generally increase with the value
of n. This is intuitively correct, as the elastic modulus of PZT-4 is
higher than that of PZT-5H, and the increase of n leads to a de-
crease in the PZT-4 constitution. Also, in this figure, the results
of the ANSYS software have been shown and compared withTable 2: Comparison of the dimensionless stresses of a FGM square plate with the results by Zenkour [26].
n Ceramic 1 2 4 6 8 10 Metal
σ¯x (Present) 2.8634 4.4324 5.1735 5.8162 6.3429 6.8125 7.2951 2.8634
σ¯x (Zenkour) 2.8932 4.4745 5.2296 5.8915 6.4043 6.8999 7.3689 2.8932
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Parameter Number of the elements
6× 6 8× 8 10× 10 12× 12 14× 14 16× 16
Deflection (m) 4.1234E−05 4.5648E−05 4.8237E−05 4.8928E−05 4.9021E−05 4.91484E−05Figure 2: Centerline deflections of the FGPM plates for various volume fraction
exponents n under mechanical loading. (a) Clamped; (b) simply supported.
this analysis. We used a Solid226 element to mesh the plate.
This element can model piezoelectric effects, and has three dis-
placement and one voltage degrees of freedom. Also, it is used
tomodel coupled field problems in ANSYS. A numerical conver-
gence history for deflection is recorded in Table 5. The central
deflections of a clamped plate are presented to study the con-
vergence rate of the finite element simulation. As seen from this
table, the results are converged for the 256 (16× 16) elements
at a good rate.
Figure 3 depicts the maximum axial stress, σxx, of a FGPM
plate with different volume fraction indexes under mechanical
load, for two different boundary conditions. It can be seen
that for simply supported boundary conditions, the effect of
the volume fraction index is higher than that for the clamped
boundary condition. Also, the voltage of the FGPM plate versus
the volume fraction exponent, for two different boundary
conditions, is shown in Figure 4. It is seen that with an increase
in the power law index, n, in the range of 0 – 2, the electric field
of the FGPM plate is increased, but for n > 2, the electric field
starts to decrease when n is increased to higher values, as seen
from Figure 4.Figure 3: Axial stresses of the FGPM plates along the dimensionless length of
plate for various volume fraction exponents n under mechanical loading. (a)
Clamped; and (b) simply supported.
Figure 4: The voltage of the center point of FGPM plate for various volume
fraction exponents n under mechanical loading.
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fraction exponents n under electrical loading for simply supported boundary
condition.
4.2.2. Electrical loading
Figure 5 shows the deflection of the FGPM plate subjected to
an applied voltage V = 100 v along the dimensionless length
of the plate. The influence of the constituent volume fractions is
studied by varying the mixing ratio of the PZT-4 and PZT-5H in
Figure 5, for electrical loading. It can be observed that deflection
of the FGPMplate generally increaseswith an increase in n. This
is intuitively correct, as the elastic modulus of PZT-4 is higher
than that of PZT-5H, and the increasing of n leads to a decrease
in the PZT-4 constitution.
4.3. Free vibration analysis
Tables 6 and 7 show the effect of the volume fraction power
law exponent, n, on the first 10 dimensionless natural frequen-
cies of the FGPM plate. It is observed that natural frequencies
decrease with an increase in the power law exponent, n.
As shown in Tables 6 and 7, the maximum natural frequen-
cies occur at n = 0. As n is initially increased, the natural fre-
quencies show a significant decrease, butwhen n is increased to
a sufficiently large value of around n = 100, a further increase
in n will not result in a significant further frequency decrease.
The natural frequencies are given in dimensionless form, as
ω¯ = ωa

ρc (1−υ2)
Ec
where ω is the natural frequency, Ec is the
Young modulus of the ceramic, υ is the Poisson ratio and ρc is
the mass density of the ceramic.
4.4. Dynamic analysis
The transient response of the FGM plate is analyzed by using
the Newmark direct integration technique and the parameters,
α and β , for this analysis are taken to be 0.5 and 0.25,
respectively. All calculations for the transient response are
performedwith a time step of 0.00001 s. The transient response
of the FGPM plate is presented for different volume fraction
indexes (n = 0, 2, 10) under a step function mechanical load,
with a magnitude of q = 10 KNm−2. Figure 6(a) and (b) show
the dynamic deflection of the FGPMplate for different boundary
conditions under mechanical load by considering structural
damping effects. The transient response attenuates with time
due to structural damping. The effect of the power-law
exponent, n, on the transient response is similar to that of
static analysis inwhich the vibration amplitude increases as the
power-law exponent, n, increases. From these figures, it can be
observed that clamped boundary conditions decay oscillations
much faster than simply supported ones.Figure 6: Deflection of the central point of FGPM plate under mechanical load
versus volume fraction index. (a) Clamped; and (b) simply supported.
5. Conclusions
The static bending, free vibration and transient responses of
functionally graded piezoelectric plates are investigated based
on the first order shear deformation theory, under mechanical
and electrical loads. To solve the problem, the finite element
method is used based on the four node plate element. By
using Hamilton’s principle, governing differential equations are
derived, which take into account the effects of piezoelectric
change. The results of the FGPM plates, with different volume
fraction indexes, boundary conditions and electro–mechanical
loading conditions, are discussed and compared. Generally,
results show that for small values of the volume fraction index,
the lateral deflection of an FGPM plate increases, evidently due
to the applied mechanical loading. With increasing the power
law index, the influence of higher values of this parameter
is much less than that for smaller values of this parameter.
By increasing the volume fraction index, the axial and shear
stresses of the FGPM plate are increased. Moreover, the electric
potential becomes larger with an increase in the volume
fraction index under mechanical loading. However, it is not
continuous for cases when the FGPMparameter is higher than a
specific value, in which case the electric field decreases slightly
when the power law index increases. The FGPM plate with a
higher volume fraction indexhas lower natural frequencies, and
a clamped plate possesses much greater natural frequencies
than simply supported plates. Finally, the effect of the power-
law exponent on the transient response is similar to that
of static analysis. From this study, it may be possible to
choose appropriate grading governed by the power law index,
depending on the application.
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Number of
natural frequency
Power law fraction index
n = 0 n = 0.5 n = 2 n = 5 n = 10 n = 100
i = 1 0.207991 0.201337 0.194165 0.190619 0.188442 0.187446
i = 2 0.426652 0.413006 0.398295 0.391018 0.386551 0.384509
i = 3 0.426652 0.413006 0.398295 0.391018 0.386551 0.384509
i = 4 0.627183 0.607126 0.585503 0.574802 0.568235 0.565233
i = 5 0.77396 0.74921 0.722529 0.709321 0.701216 0.697511
i = 6 0.777831 0.752957 0.726142 0.712869 0.704723 0.701
i = 7 0.962499 0.931723 0.898546 0.882115 0.872034 0.867427
i = 8 0.962499 0.931723 0.898546 0.882115 0.872034 0.867427
i = 9 1.258807 1.218563 1.175177 1.153681 1.140493 1.134467
i = 10 1.258807 1.218563 1.175177 1.153681 1.140493 1.134467Table 7: First 10 dimensionless natural frequencies of the FGPM plate for simply supported boundary condition.
Number of
natural frequency
Power law fraction index
n = 0 n = 0.5 n = 2 n = 5 n = 10 n = 100
i = 1 0.113077 0.10946 0.105561 0.103632 0.102449 0.101907
i = 2 0.284822 0.275712 0.26589 0.261033 0.258052 0.256689
i = 3 0.284822 0.275712 0.26589 0.261033 0.258052 0.256689
i = 4 0.453599 0.439092 0.423453 0.415714 0.410965 0.408794
i = 5 0.576626 0.558182 0.538298 0.528465 0.522429 0.519669
i = 6 0.576681 0.558235 0.53835 0.528516 0.522479 0.519719
i = 7 0.74214 0.718407 0.692822 0.680158 0.672387 0.668834
i = 8 0.74214 0.718407 0.692822 0.680158 0.672387 0.668834
i = 9 0.995633 0.963791 0.929464 0.912478 0.902054 0.897289
i = 10 0.995633 0.963791 0.929464 0.912478 0.902054 0.897289References
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